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[5]

Prove by induction that, for n > 1, 2 r(r+1)=3nn+1)(n+2).
r=1
The matrices A, B and C are givenby A= (1 -4),B (3) and C (_2 2) Find
(i) AB, [2]
(ii) BA —4C. [4]
[6]

n
Find Z(Zr —1)?, expressing your answer in a fully factorised form

r=1

The complex numbers a and b are given by a =7 + 6i and b = 1 — 3i. Showing clearly how you obtain
[4]

your answers, find
(i) |a-2b|and arg(a — 2b),
[3]

b
(ii) —, giving your answer in the form x + iy
[2]

Write down the matrix that represents a reflection in the line y = x

5 (a i
(b) Describe fully the geometrical transformation represented by each of the following matrices
[2]

5 0
() ( | )
L 1./3
(ii) ( : . ) [2]
+3 4
6 (i) Sketch on a single Argand diagram the loci given by
(@ |z-3+4i|=5 [2]
) |z|=|z-6|. [2]
(ii) Indicate, by shading, the region of the Argand diagram for which
|z-3+4i]<5 and |z|=]|z-6|. [2]
7  The quadratic equation x° + 2kx + k = 0, where k is a non-zero constant, has roots ¢« and 3. Find a
P ana & ; P 7]

quadratic equation with roots
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I ViT2-Vr
8 (i) Show that = .
Vr+2+Vr 2
(ii) Hence find an expression, in terms of n, for
Y
~Vr+ 2+Vr
(iii) State, giving a brief reason, whether the series i ; converges
’ ’ La 2 4r '

a a -1
9 Thematrix AisgivenbyA=]10 a 2
1 2 1

(i) Find, in terms of a, the determinant of A.

(ii) Three simultaneous equations are shown below.
ax+ay— z=-1
ay+2z=2a
xX+2y+ z=1

[2]

[6]

(1]

[3]

For each of the following values of a, determine whether the equations are consistent or
inconsistent. If the equations are consistent, determine whether or not there is a unique

solution.

(@ a=0
(b) a=1
() a=2

10 The complex number z, where O < argz < %7‘:, is such that z% = 3 + 4i.
(i) Use an algebraic method to find z.
(ii) Show that z* =2 + 11i.

The complex number w is the root of the equation
wé—4w? +125=0

for which =37 < argw < 0.

(iii) Find w.

© OCR 2010 4725 Jun10
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2

1  Itis given that f(x) = tan"! 2x and g(x) = p tan™! x, where p is a constant. Find the value of p for which
F'(3) =¢(5). [4]

2 Given that the first three terms of the Maclaurin series for (1 + sinx)e®* are identical to the first three

terms of the binomial series for (1 + ax)”, find the values of the constants @ and n. (You may use
appropriate results given in the List of Formulae (MF1).) [6]

3 Use the substitution ¢ = tan %x to show that

in
’ 1
J ———dx=1++v3. [6]
1 -sinx
4
y
A
I
I
I
I
I
I
I
I
I
I
I
:
| s
a0 3 > X
____________________________ =5

—_—————————ee -

The diagram shows the curve with equation

_ax+b
Y= x+c

where a, b and ¢ are constants.

(i) Given that the asymptotes of the curve are x = —1 and y = —2 and that the curve passes through
(3, 0), find the values of a, b and c. [3]

(ii) Sketch the curve with equation
, ax+b

>

X+cC

for the values of a, b and ¢ found in part (i). State the coordinates of any points where the curve
crosses the axes, and give the equations of any asymptotes. [4]
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5 TItis given that, for n > 0,

I = ru — 2x)"e" dx.
0

(i) Prove that, forn > 1,

I,=2nl_, —1. [4]

(ii) Find the exact value of I;. [4]

6 (i) Show that i(sinh—lx) - [2]
dx Vi + 1 .

(ii) Given that y = cosh(asinh™! x), where a is a constant, show that

d? d
(x2+1)g)2} +xay—a2y:0. [5]

»
>

y=x

y=2In(3x-2)

|-

0 /(Ix

The line y = x and the curve y = 21n(3x — 2) meet where x = o and x = 3, as shown in the diagram.

(i) Use the iteration x,,, = 2In(3x, — 2), with initial value x, = 5.25, to find the value of 8 correct
to 2 decimal places. Show all your working. [2]

(ii) With the help of a ‘staircase’ diagram, explain why this iteration will not converge to o, whatever
value of x, (other than ) is used. [3]

(iii) Show that the equation x = 2In(3x — 2) can be rewritten as x = %(e%x + 2). Use the Newton-

Raphson method, with f(x) = %(e%x +2)—xand x, = 1.2, to find o correct to 2 decimal places.
Show all your working. [4]

(iv) Given that x, = In 36, explain why the Newton-Raphson method would not converge to a root of
f(x) =0. [2]

[Questions 8 and 9 are printed overleaf.]
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4

(i) Using the definition of coshx in terms of e* and e™, show that

4 cosh’®x — 3 coshx = cosh 3x. [4]

1 )
(ii) Use the substitution u = cosh x to find, in terms of 53, the real root of the equation

201 —15u—-13 =0. [6]
y
A
B
|
|
|
|
|
|
|
|
|
A | ‘
1 0 f » X

The diagram shows the curve with equation y = v2x + 1 between the points A (—%, 0) and B (4, 3).

(i) Find the area of the region bounded by the curve, the x-axis and the line x = 4. Hence find the
area of the region bounded by the curve and the lines OA and OB, where O is the origin. [4]

(ii) Show that the curve between B and A can be expressed in polar coordinates as

1

SN 3)<ox<m
r T—coso’ where tan (4) 0<sm [5]
T
(iii) Deduce from parts (i) and (ii) that J- cosec*(16) do = 24. [4]
an §)
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1 The line /; passes through the points (0, 0, 10) and (7, 0, 0) and the line /, passes through the points
(4, 6, 0) and (3, 3, 1). Find the shortest distance between l1 and lz. [71

2 A multiplicative group with identity e contains distinct elements @ and r, with the properties r° = e

and ar = ra.
(i) Prove that rar = a. [2]

(ii) Prove, by induction or otherwise, that r"ar” = a for all positive integers 7. [4]

3  In this question, w denotes the complex number cos %TC +1isin %7‘5

(i) Express w?, w? and w* in polar form, with arguments in the interval 0 < 6 < 27. [4]

(ii) The points in an Argand diagram which represent the numbers
I, 1+w, 1+w+w? 1+w+w2+w3, L+w+w? +w’ +w*

are denoted by A, B, C, D, E respectively. Sketch the Argand diagram to show these points and
join them in the order stated. (Your diagram need not be exactly to scale, but it should show the

important features.) [4]
(iii) Write down a polynomial equation of degree 5 which is satisfied by w. [1]
4 (i) Use the substitution y = xz to find the general solution of the differential equation
dy y)
XY xcos(x y
giving your answer in a form without logarithms. (You may quote an appropriate result given in
the List of Formulae (MF1).) [6]
(ii) Find the solution of the differential equation for which y = # when x = 4. [2]

5 Convergent infinite series C and S are defined by
C=1+3cos0+5cos20+5cos30+ ... ,
S = 1sin@+%sin260+ Lsin36+ ... .
. / 2
(i) Show that C +1S = ——. [4]
2 el@

4-2

(ii) Hence show that C = ﬁ, and find a similar expression for S. [4]

© OCR 2010 4727 Jun10
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6 (i) Find the general solution of the differential equation
&y dy
E%‘Za%‘ 17y= 17x + 36. [71

(ii) Show that, when x is large and positive, the solution approximates to a linear function, and state

its equation. [2]
=7 2

7 A line [/ has equation r = (—3) + A (—2). A plane IT passes through the points (1, 3, 5) and
(5, 2, 5), and is parallel to /. 0 ’

(i) Find an equation of I, giving your answer in the form r.n = p. [4]

(ii) Find the distance between [ and IT. [4]

(iii) Find an equation of the line which is the reflection of / in I, giving your answer in the form
r=a-+1rb. [4]

8 A set of matrices M is defined by

10 o 0 ®> 0 01 0 o 0 o
=(0 1) 8=(0 w) = (5 o) 2=(1 o) 220 %) #=(a 5)

where ® and @? are the complex cube roots of 1. It is given that M is a group under matrix
multiplication.

(i) Write down the elements of a subgroup of order 2. [1]

(ii) Explain why there is no element X of the group, other than A, which satisfies the equation X° = A.

[2]
(iii) By finding BE and EB, verify the closure property for the pair of elements B and E. [4]
(iv) Find the inverses of B and E. [3]

(v) Determine whether the group M is isomorphic to the group N which is defined as the set of
numbers {1, 2, 4, 8, 7, 5} under multiplication modulo 9. Justify your answer clearly. [3]
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