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Abstract

What is this report about?

This report presents the largest empirical evaluation of test equating methods ever conducted.
Equating is the process of identifying scores on different test forms that can be treated as
equivalent. Whilst various equating methods are available, there remains no consensus on which
are most effective under which conditions. This study aims to provide practical guidance by
comparing 69 techniques across 60 scenarios using real data from 1,000 high-stakes tests.

What did we do?

We conducted a large-scale simulation using item-level data from 1,000 real examinations
administered by Cambridge OCR and Cambridge International. Each test was split into two
pseudo-forms with shared anchor items, and candidates were split into two groups, one taking
each pseudo-form. Equating methods were applied to estimate score equivalencies between
forms, and their accuracy was assessed against a criterion equating function derived from the full
dataset. The simulation varied three key conditions: sample size (50 to 2,000), anchor test length
(18% to 40% test form overlap), and group ability differences (random, medium, and maximum).
Accuracy was primarily evaluated using weighted mean absolute error (MAE). Two new methods
were developed: odds-transform equating, and transformed linear equating. Both are described in
the report and have been made available for practitioners.

What did we find?

f Best-performing methods varied by scenario . For small samples (OLOO candidates per
test form), Rasch PCM true score equating (with JML estimation) and odds-transform
methods were most effective. For large samples (G500 candidates per test form), IRT
observed score equating using GRM or GPCM models performed best with medium or
large group differences, whilst Frequency Estimation Equipercentile with kernel smoothing
performed best with random groups.

1 Classical methods like kernel-smoothed equipercentile equating worked well when group
differences were small and sample sizes were large. Circle-arc and odds-transform
equating methods, originally designed for small samples, performed surprisingly well even
with larger samples and large group differences.

1 Perfor mance of different methods was often broadly similar meaning that although
t here were c¢l ear ifdgbatng haé beanxarried cataising sether methods,
the results should still be acceptable.

1 Several methods were consistently outperformed by at least one other method, so
could be excluded from consideration in most cases. These include identity equating,
unsmoothed equipercentile equating, and certain IRT variants.

1 For IRT equating, m odel fit had some impact , but the methods remained robust even
when fit indices were below recommended thresholds.

What are the implications?

This study provides evidence-based recommendations for practitioners selecting equating
methods. It narrows the field to a core set of reliable techniques and identifies when each should
be used. Odds-transform equating emerges as a promising classical method due to its simplicity,
robustness, and performance across diverse scenarios. Furthermore, given good performance in a
range of scenarios, equating using the Rasch PCM (ideally with concurrent estimation) could be
considered a good ifdhgsthighlighttthé impopgamae of@angidering-sample
size and group differences when selecting methods.
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Introduction

Within educational measurement, equating refers to the process by which we can identify pairs
of scores on two test versions (or forms) that can be treated interchangeably. For example, if a
score of 32 on test form X is equated to a score of 37 on test form Y, this implies that these two
scores can be treated as having the same meaning. This is necessary in situations including
test administrations using multiple forms, tiered tests, and maintenance of standards over time.
Numerous equating methods have been suggested. This report uses real empirical data to
determine which of these methods work best in different scenarios. This is an important topic for
research and practice as, despite the proliferation of methods, according to Livingston (2014, p.
6 7 Amoiig people whose work includes the equating of test scores, there is still (as of 2014)
no consensus on this question. o

From a methodological perspective, statistical linking often refers to the same practical
procedures as equating, but with a weaker form of interpretation i perhaps that two test scores
are equally hard to achieve, but not necessarily that they represent exactly the same kinds of
knowledge and skills. As such, the recommendations here regarding methods for equating
apply equally well to methods of linking.

A detailed description of many of the methods used for equating and linking is provided by
Kolen & Brennan (2004). These are broken into methods that can be used when the test forms
being equated are taken by equivalent groups of candidates, and those where the groups taking
different test forms differ in ability. In this latter situation, we must account for this ability
difference using performance in an anchor test taken by both groups, i.e., a set of items, or
even a separate test, which both groups take.

The former situation, encompassing designs known as the single group design, equivalent
groups design and random groups design, is easily addressed by the equipercentile approach
to equating. That is, we define scores on two forms as equivalent if the percentage of
candidates achieving at or below each score is the same. As such, the issue of choosing an
equating method reduces to the problem of how to estimate the percentiles of each score
distribution. Whilst a few special techniques have been suggested for circumstances with very
small samples and reasonably large differences in test forms (e.g., Livingston & Kim, 2009), the
problem of how to perform equating in scenarios with equivalent groups is largely solved.

The situation where groups taking different test forms differ in ability, with an anchor test used to
account for this, is generally known as the NEAT design (Non-equivalent anchor test design).
The best method to address this situation is much less clear. A very large number of techniques
for use with the NEAT design have been suggested. Even a cursory read of the contents pages
of Kolen & Brennan (2004) suggests at least nine possible methods:

1 Tucker Method 1 Frequency Estimation Equipercentile
1 Levine Observed Score Method Equating

1 Levine True Score Method 1 Chained Equipercentile Equating

1 Mean Equating { Equating True Scores (from IRT?).

9 Braun-Holland Linear Method 1 Equating Observed Scores (from IRT).

1 As well as more recent editions of the same book.

2 |IRT stands for item response theory.



However, for several of the above techniques, subvariants are available, meaning that the total
number of approaches is far higher. For example, each method of equipercentile equating can
be applied using pre-smoothing, post-smoothing, or no smoothing. Any method based upon IRT
can be built upon any of the various models (e.g., the Rasch model, the graded response
model, the 3-parameter model, etc.; see, for example, de Ayala, 2013). These considerations
alone mean that we are faced with dozens of methods, with little guidance on which is best®.

Beyond Kolen & Brennano6s bvarious newand alteroatve h av e
approaches to equating. Some of these will be introduced in the methods section. However,
though the research paper accompanying each new method always includes some empirical
work showing the effectiveness of the method, these studies can be limited in at least two ways:

1. The performance of any newly proposed technique is only compared to a fraction of
those proposed previously. To take one, by no means unusual, example, when Wang &
Brennan (2009) proposed their modified frequency estimation approach to equating,
they only compared it to (unmodified) frequency estimation and to chained
equipercentile equating. Whilst restricting focus to certain methods is reasonable in the
context, it makes it hard to evaluate performance against other methods more broadly.

2. Performance is often evaluated against a small number of real datasets or against
simulated data. For example, Wang & Brennan (2009) evaluate their technique using
simulated data®. The same istrueof Sun & Ki méompars@n®dPequpting
methods. Other studies such as von Davieretal6s (2006) evaluat:i
or Livingston and Ki rmaicequétingdetaligte the sephaigue o n
against a single real dataset, whilst ot
evaluation of hybrid equating, use two real datasets. This approach to evaluation may be
insufficient. The scenario that can arise is to read about a technique that appears highly
effective, but when applied to real data its performance is not as strong as anticipated.
For this reason, we may not be able to entirely trust newly proposed statistical methods
that have been trialled in very few or idealised (i.e., simulated) scenarios.

The large number of approaches to equating requires a large study. This study should be large
in terms of the number of methods considered, and the number of datasets used. That is what
we seek to achieve here: an evaluation of numerous equating methods, using a large number of
real datasets. All of the datasets used in analysis will be derived from genuine examinations so
that the data reflects the behaviour of test items when taken by real candidates. This means
that we do not expect them to perfectly fit the assumptions of any particular underlying statistical
model. In turn, this should give a realistic and practical guide to which methods work best, which
methods do not work well, and under which circumstances methods might or might not work.

Having presented the problem we seek to address and, broadly, what we aim to do about it, we
now present our attempt at undertaking®the

prop

on of
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her s,

bi gge:

STable 8.5 of Kolen & Brennandés (2004) book provides s

providing any clear recommendations that practitioners should use one technique rather than another.

4 With simulations based on IRT with item parameters based upon a single real dataset. A real dataset is
also analysed in the paper but only for the purposes of illustration rather than evaluation.

5S5The title is i reshlibren ibry tAhTen eWdBrelsd é Ev e r 0, whiah the ¢
authors fondly remember from the 1990s (see
https://en.wikipedia.org/wiki/The_Best..._Album_in_the_World...Ever!).
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Methods

To compare equating methods, we carried out a large simulation using real test data. The
overall process was to select a large number of tests, and then for each test, split item-level
data into two separate pseudo-tests including several shared anchor items. The true
relationship between scores on each pseudo-test was estimated using all candidates. Then,
separate samples of candidates were selected for each pseudo-test, and various equating
methods were used to estimate the relationship just usingthosecandi dat esd® scor es.
resulting equating functions were then compared to the true equating function, and metrics were
calculated to evaluate their performance under the various different conditions applied. Here,
we describe this process in more detail.

Test data

We acquired item-level data from tests administered as part of high-stakes qualifications by
either Cambridge OCR (https://www.ocr.org.uk/) or Cambridge International
(https:/lwww.cambridgeinternational.org/). For inclusion, tests were required to have at least
5,000 candidates, at least 15 items, at least one item worth 1 mark, at least one item worth
more than 1 mark, no optional items, and no items showing negative discrimination. Beyond
these conditions, we permitted any test to be included, regardless of qualification type, subject,
year, or session. The list of eligible tests was finalised in August 2023, so included tests taken
up to the summer sessions of that year. The full list constituted over 2,500 tests.

The analysis is based upon 1,000 tests randomly drawn from the full set; this number was
chosen to include a wide range of test types, but to permit the simulation to complete in an
acceptable timeframe. Tests came from 2009 to 2023, and from various sessions within those
years. Note that there are fewer tests from 2020 and 2021 due to the cancellation of exams
during the Covid pandemic, and there are more tests from June, the main examination session
in England and in some other countries. In terms of subjects and qualifications, as may be
expected, the greatest numbers came from those with the greatest numbers of entries (for
example, Cambridge OCR GCSEs and Cambridge International IGCSES) but other
gualifications (such as A levels) were also included in analysis. In terms of subjects, around
two-thirds of the analysed tests were in Mathematics and Science subjects, and about a sixth
were in English with the remainder from a range of subjects including Computer Science,
Geography, Accounting and various Modern Foreign Languages. The primary take-away from
this, then, is that the sample contained tests from various years, months, qualifications and
subjects, meaning we can be confident that conclusions drawn from the simulation are not
limited to particular conditions.

Equating methods

Sixty-nine methods, or method variants, were applied in the simulation. These are listed in
Table 1. The methods can be split into those using IRT equating and those based on classical
techniques. For IRT equating, four different kinds of IRT models were considered with a number
of variants within each one, depending upon the exact approach to model estimation and
equating that was adopted. Classical equating methods break into 9 basic groups with various
variants of each one. Slightly longer descriptions of each equating method can be found in
Appendix 2.



Table 1. Summary of equating methods, and the specific variants, applied in the main simulation.

.N Variants
variants
MML SL True, MML SL Observed, MML Haebara
True, MML Haebara Observed, MML Concurrent
IRT PCM 12 True, MML Concurrent Observed, CML SL True,
CML Haebara True, CML Concurrent True, JML SL

True, JML Haebara True, JML Concurrent True
MML SL True, MML SL Observed, MML Haebara

IRT GRM 6 True, MML Haebara Observed, MML Concurrent
True, MML Concurrent Observed

MML SL True, MML SL Observed, MML Haebara
IRT GPCM 6 True, MML Haebara Observed, MML Concurrent
True, MML Concurrent Observed

MML SL True, MML SL Observed, MML Haebara
True, MML Haebara Observed

IRT or classical Type

IRT GRM/3PL 4

Classical Eg:ﬂ# :t?gr): 6 Unsmoothed, Bump smoothed, Loglin smoothed,
. . Modified WB Unsmoothed, Kernel smoothed, Hybrid
Equipercentile
. Chained Unsmoothed, Bump smoothed, Loglin smoothed,
Classical X . 4
Equipercentile Kernel smoothed
Classical Linear 6 Chained, Braun-Holland, Tucker, Levine Obs,
Levine True, Post-stratification equating (PSE)
Classical '_rransformed 2 Chained, Tucker
linear
. Chained, Braun-Holland, Nominal, Tucker,
Classical Mean 5 .
Levine Observed
. . Chained, Braun-Holland, Nominal, Tucker, Levine
Classical Circle-arc 5
Observed
. Symmetric Chained, Braun-Holland, Nominal, Tucker, Levine
Classical ; 5
circle-arc Observed
. Odds- Chained, Chained (SD), Tucker, Tucker (SD), Levine,
Classical 7 . i
transform Levine (SD), Nominal
Classical Identity 1

To briefly summarise the methods in Table 1.:

1 Rasch partial credit model (PCM) approaches to equating were attempted in 12 different
ways. This included 3 different fitting algorithms: marginal maximum likelihood (MML),
joint maximum likelihood (JML) and conditional maximum likelihood (CML). Both true
score methods of equating® and observed score methods of equating’ were trialled.
Finally, both concurrent estimation (where all data is included in a single model), and
separate estimation of models in different groups followed by metric transformation to
align IRT parameters (using either the Stocking-Lord or Haebara methods) were trialled.

1 More complex IRT approaches were trialled using the generalised partial credit model
(GPCM), the graded response model (GRM), and a version of the GRM that fitted a 3-
parameter model to dichotomous items. Each of these was fitted using MML estimation.
Both concurrent (using multiple-group IRT) and separate estimation approaches were
trialled, as were both true and observed score equating methods.

6 True score equating defines two scores as being equivalent if they are the expected scores on different
tests at the same level of IRT ability.

7 Observed score equating uses an IRT model to predict the overall score distribution of each test if they
were taken by a common population of candidates. After this, equipercentile methods are used based
upon the predicted distributions.



1 Six frequency estimation (FE) and four chained approaches to equipercentile equating
were trialled. Most of these differed only in terms of whether and how smoothing was
applied. One, more unusual smoothing method was the kernel-based FE approach to
equating. This process attempted to identify sample weights so that, for each group of
candidates, the first four moments of the anchor score distribution® matched those of the
distribution in the joint population®. This was achieved using the Minimum Discrimination
Information Adjustment (MDIA) approach of Haberman (1984). Two additional innovative
FE methods that attempt to adjust for measurement within the anchor test were also
included: the modified Wang-Brennan (WB) method (Wang & Brennan, 2009) and the
hybrid method of von Davier & Chen (2013).

1 Six versions of linear equating were attempted. Of these, the only non-standard
approach was one based upon post-stratification equating (PSE). This again used the
MDIA method to match the distribution of scores on the anchor test before applying
linear equating. For five of these methods, simple equivalents based upon mean
equating were also trialled.

9 For two of the variants of linear equating, additional versions were trialled where the
scores on each form were transformed before linear equating was applied. Further
details are given below.

1 Two different approaches to circle-arc equating were trialled: standard (or non-
symmetric) and symmetric (see Livingston & Kim, 2008). Both methods attempt to
identify an equating curve that ensures (1) zero on one test maps to zero on the other,
(2) the maximum possible score on one maps to the maximum possible score on the
other, and (3) the mean score on one test maps to the mean score on the other®. For
each method, 5 different approaches to identifying what the mean score would be on
each test in a common population were trialled. Initial trialling found that circle-arc
approaches were very successful, and so an additional method, called odds-transformed
equating, was developed for inclusion in the current research. Further details are given
below and also in Appendix 1.

1 Finally, as a very basic comparator for all methods, identity equating, that assumes that
every score on one test form maps to the same proportion of the maximum available
score on the other was included.

Odds -transform equating

The development of odds-transform equating was motivated by several issues that make
routine use of circle-arc equating problematic. Firstly, where the mean scores of the two forms
being equated are very different, the relationship from circle-arc equating is not necessarily
monotonic. That is, as the scores of form X increase, the equivalent scores on form Y might
decrease. Secondly, circle-arc equating is not particularly easy to implement. Whilst it is
implemented within the equate R package (Albano, 2016), coding the method from scratch into
other software packages is not particularly straightforward. Obviously, this issue is not
insurmountable but if an easier way to achieve the same goals was available this would be
preferred. For these reasons we developed odds-transform equating. The method meets all
three goals of circle-arc equating but can be implemented in a single formula and guarantees a

8 That is, the mean, variance, skewness and kurtosis.
9 That is, the anchor score distribution across both Group 1 and Group 2 combined.

10 By mean score we generally mean the expected mean scores if both forms were taken by the same
group of candidates.

10



monotonic equating relationship. In addition, it is easy to extend so that not only do the mean
scores on different test forms map to one another but, at the mean scores, the gradient of the
equating function is equal to the ratio of the standard deviations on the two tests!!. Further
details of the method are given in Appendix 1.

Transformed linear equating

A second idea, also inspired by circle-arc equating, was simply to apply non-linear
transformations to all raw scores before applying the usual linear equating techniques. After
linear equating is completed, the non-linear transformations are reversed so that we have the
usual raw score to raw score equating table. The exact non-linear transformation was to replace
a score of @on any test form with a score of

@ ®
A AOAOA—‘?‘—‘@H‘;—

Here, & & ds the maximum score available on a test form and A O A Qsitheknverse hyperbolic
tangent function. This transformation was chosen as it is almost exactly linearly related to the
(somewhat more complex) arcsine transformation suggested by Kolen (1988) to stabilise error
variance across the score range. However, the above transformation is preferred as it has an
easy analytical inverse which makes implementation much easier in the context of equating.

This has two potential advantages. Firstly, whilst the use of the transformation before equating
(and its inverse afterwards to convert back to raw scores) does not guarantee that scores of
zero and the maximum available on each form will map to one another, it will tend to make
equated scores closer to these points than untransformed linear equating. In addition, given that
linear equating involves the calculation of means and standard deviations, it may be more
effective if the scores these are calculated from have the same level of measurement error.

Applying equating methods

Equating methods were applied using functions in R statistical software. Most classical equating
methods were applied using the equate package (Albano, 2016). Most IRT models were fitted
using the mirt package (Chalmers, 2012). This includes all GRM, GPCM, and GRM/3PL
models, and the PCM model fitted via MML. PCM models using JML were fitted with the TAM
package (Robitzsch et al., 2024), while those using CML were fitted with the dexter package
(Maris et al., 2025). In all IRT methods, equating via Stocking-Lord or Haebara methods was
carried out using the unimirt package (Benton, 2023). Hybrid equating, chained equipercentile
equating with kernel smoothing, hybrid equating, odds-transform and transformed linear
equating were completed using the KernEqQWPS package (Benton, 2025). Wang-Brennan (WB)
equating was completed using bespoke code developed for the purposes of this project.

For loglinear smoothing, smoothing was applied up to bivariate interactions. The degree of
smoothing started at a high level (16" order polynomial for univariate interactions, and 8" order
polynomial for bivariate interactions), but such high levels of smoothing could produce errors; if
this happened, sequentially lower degrees were trialled until one worked (with a minimum of 4"
order polynomial for univariate interactions, and 2" order polynomial for bivariate interactions).

11 By standard deviation, we mean the expected standard deviation on each test form if they were taken
by the same group of candidates.

11



Simulation conditions

Three key conditions were applied in the simulation, based on aspects of the test population or
test design that we considered likely to influence equating success. First, the anchor test
length was varied. Four conditions of , and Y4 of total marks (i.e., marks on the
original test) were used, representing relatively short to relatively long anchor tests. To make
these conditions more interpretable, we hereafter refer to them in terms of overlap, or the
proportion of each of the two test forms derived from the original test that the different anchor
lengths represented (i.e., 18%, 25%, 33% and 40%). For example, if the anchor length is  of
total marks, each form takes  of the total marks plus half of the remaining marks (i.e., © X of
the total marks). Thus, in this condition, each form comprises of 1 X of the total marks of which a
quarter (25%) are in common with the other form. Note that, in reality it may not be possible to
select exactly the intended number of marks (for example if the total is not divisible by 7). In
these cases, the anchor length is selected to be as close as possible to the length implied by
the conditions!2. For practical reasons, these four anchor length conditions were simulated
separately, so specific random realisations differed from one another (e.g., when sampling
items for each form at random, a different sample could have been drawn under each of the
different anchor length conditions).

Next, the ability difference between groups  was varied. To define two groups to take the

different test forms, the item (or item mark for polytomous items) with facility closest to 50% was

identified. Candidates who gained the focal mark were put into one group (labelled Group 2),

and candidates who did not gain it were put into another (labelled Group 1). This grouping
represented the fAmaximum differenced condition, [
This approach generally led to one higher-scoring and one-lower scoring group, approximately

reflecting what might be expected from a tiered exam. After this, a random group assignment

was created, following a binomial distribution with probability 0.5; this grouping was not based

on ability, and thus produced two groups with very similar performance. This was used as the
firandaupsd0 condition, and approximately reflects wl
test forms to the same class of students. Finally, an intermediate condition was created by

applying the random group ID to a random 50% of candidates. That is, approximately half of the

candidates kept their original, performance-based grouping, and the rest received the random
grouping. This was known as the fimedium differen:q
different test forms are given to groups with overlapping, but slightly different, abilities.

The final condition applied was the number of students taking each pseudo-test, or the sample
size . Conditions of 50, 100, 500, 1,000 and 2,000 students were used, with the required number
sampled at random from the students in each group. Note that the sample sizes refer to the
number of students taking each pseudo-test. Conditions with mixed sample sizes (e.g., equating
a test taken by 50 students to one taken by 2,000) were not considered.

Simulation process

The full list of possible tests to use was put into a random order, with the simulation then
proceeding through one test at a time. The following process was followed:

i Extract item-level data for chosen test from the institutional data store.

9 Find the item/mark point that produces closest to a 50/50 split in candidates.

12 For example, in reality, in the  condition, anchor lengths were between 13% and 16% of the total test
length (with most exactly equal to either 14% or 15%).

12



1 Split candidates into two groups based on performance in the chosen item, then discard
that item from further analysis.

1 Randomly select items for which the marks add up to the required anchor length (i.e.,

: , or ¥4 of total marks*?®); these become the anchor items for both test forms
(using KernEqWPS package (Benton, 2025) for random selection).

1 Randomly split the remaining items into two forms, aiming to get as close as possible to
50% of the remaining marks in each (using a function within the KernEqWPS package
(Benton, 2025) for random selection)4,

1 Combine unique items and anchor items into form X and form Y (each including an
internal anchor).

9 Carry out criterion equating, using unsmoothed equipercentile equating, between the
two forms, using data from all students. This is justified as each of the original datasets
had a large number of candidates (at least 5,000) and so the unsmoothed approach
should be very accurate. Furthermore, the equipercentile definition of equating is the
one that would be most defensible to users of test results (e.g., teachers) if two test
forms had been taken by equivalent groups of candidates.

91 Split the candidates into two groups according to the focal condition (i.e., based on
performance in the splitting item, based on random assignment, or a 50/50 mixture of
the two grouping methods).

1 From each group, randomly select the required number of candidates for that iteration
(i.e., 50, 100, 500, 1,000 or 2,000).

1 From the full item-level dataset, extract data for items in Form X for Group 1, and items
in Form Y for Group 2.

1 Apply all equating methods to the two datasets, and store the full equating function.

9 Loop through all conditions for a given dataset before moving to the next; proceed until
the required number of tests has been completed.

The four different anchor length conditions were run in separate instances. This means that
some caution should be applied when comparing between anchor length conditions, as it was
not the case that the longer length anchors included all or even any of the items in the shorter
anchor length condition. However, within each anchor length condition, comparisons between
sample sizes and group differences can be consistently made.

The simulation process meant that there were 60 combinations of conditions, hereafter referred
to as Ascenari oso. That i s, there were 4 anchor I
which, multiplied together, gives 60 scenarios.

Description of simulated scenarios

The process described above produced 1,000 realisations of two test forms under each of four
different anchor length conditions. There was therefore extensive variety in numbers of items,

numbers of marks, and difficulty. Table 2 provides descriptive statistics for these quantities, to

give an understanding of simulated test forms.

13 Excluding the item used to split the data into groups.

14 Note that forms X and Y are not guaranteed to have the same number of marks (e.g., if the original
total number of marks is odd). However, the maximum available scores on the two forms never differed
by more than 1.
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From the table, we see that simulated forms were around 17 to 20 items long on average, with

Form X being one item longer than Form Y on average. There was substantial variation though,
with the smallest forms being in the region 6 to 9 items long, and the longest being 36 to 42

items long. Marks followed a broadly similar pattern, with means ranging around 36 to 42, but
with Form Y showing a slightly higher mean. The smallest numbers of marks in a form ranged

from 15 to 17, whilst the largest number ranged from 75 to 86.

Form difficulty, estimated across all candidates (not just those sampled within the simulation)
was well balanced, with an average difference in mean scores close to 0 in all cases. Again,

however, variation was evident, with minimum and maximum difficulty differences of 7 to 9
marks in both directions.

Table 2. Descriptive statistics for the different test forms simulated. Numbers of items and marks relate to
the full form, i.e., form-specific items plus anchor items. Mean scores are estimated from the full
population of candidates, i.e., all candidates who took the real test, not just those sampled as part of the

simulation.
Form overlap Form Minimum Mean Median  Maximum
N items X 8 18.2 17 38
Y 6 17.0 16 36
N marks X 15 35.8 32 75
18% Y 15 36.3 33 76
X 5.6 19.9 18.3 56.5
Mean score Y 5.9 20.1 18.7 54.2
Difference (Y-X) -8.3 0.2 0.2 7.8
N items X 8 19.0 18 39
Y 6 17.7 17 38
N marks X 15 37.3 34 78
25% Y 16 37.7 34 79
X 5.6 20.8 19.0 56.5
Mean score Y 5.3 20.8 19.2 56.6
Difference (Y-X) -7.4 0.0 0.0 8.3
N items X 9 19.7 19 41
Y 7 18.6 18 40
N marks X 16 39.1 35 82
33% Y 17 39.6 36 83
X 6.6 21.7 19.8 58.5
Mean score Y 6.4 21.9 20.1 61.7
Difference (Y-X) -8.1 0.2 0.2 9.3
N items X 9 20.5 20 42
Y 6 19.3 18.5 41
N marks X 17 40.8 37 86
40% Y 17 41.2 37 86
X 6.1 22.7 21.1 62.8
Mean score Y 7.5 22.9 21.2 62.1
Difference (Y-X) -8.6 0.1 0.1 9.4

Similarly, we can also examine differences between the groups of candidates used in the

Simul at. i
based on
random) ;

candidates in each group (i.e., not just those sampled on specific iterations), on the total score

on. Three gro
perfor mance
and Arandomo

up con
on t he
(all
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wer e

random group
groups, are summarised in Table 3. Values in the table refer to the mean marks obtained by all

used: imi
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across all items in the original dataset?® (i.e., those in form X and form Y combined) and the
standardised difference between them (in SD units).

Table 3. Summary statistics for test scores and standardised differences from all candidates in the
different group conditions.

Group difference Minimum Mean Median  Maximum
Group 1 (marks) 8.7 31.0 28.5 86.9

Maximum Group 2 (marks) 13.6 41.3 37.7 110.7
Difference (SDs) 0.1 0.8 0.8 1.4

Group 1 (marks) 10.1 33.6 30.8 92.5

Medium Group 2 (marks) 12.8 38.8 35.6 104.8
Difference (SDs) 0.0 0.4 0.4 0.7

Group 1 (marks) 11.7 36.2 33.4 98.5

Random Group 2 (marks) 11.6 36.2 334 98.5
Difference (SDs) -0.1 0.0 0.0 0.1

From this table, we see that the maximum group difference condition related to, on average, a
difference in performance of a little under 1 standard deviation, with Group 2 (those who gained
the mark on the splitting item) showing higher attainment overall. In this condition, mean
performance was around 10 marks higher for Group 2. In the medium difference condition, the
difference between mean marks was reduced to around 5 on average, and the average
standardised difference was a little under 0.5 standard deviations. As may be expected, in the
random grouping condition, mean marks were identical on average, and the standardised
difference was 0 standard deviations.

Evaluating equating accuracy

Equating functions for every condition and every test were stored during the simulation.
Accuracy was then assessed on completion of the simulation using three metrics: the mean
absolute error (MAE), bias, and root mean square error (RMSE). All of these were calculated as
weighted forms, with the weight corresponding to the fraction of candidates in the full dataset at
each score point. The metrics were calculated as follows:

vo O (Tzs_;o WS

W QWi —Z W
0

YU YO ':TZ w w

15 Excluding the item used to split items into groups (this was not retained).

15



In all three equations, wis the score point on Form X, @  is the maximum possible score on

Form X, &£ is the number of candidates in the full dataset at score point ay 0 is the total number

of candidates in the full dataset, w is the equated score for Form Y at that score point, and @ is

the Atrued equated score from the criterion equalf

Each accuracy metric gave one value per method, per scenario, per test. With 69 equating
methods, 60 scenarios and 1,000 tests, that gives 4,140,000 accuracy values per metric.
Accordingly, all interpretation has to be based on aggregate measures, most notably the mean
and median, but also positions of quartiles. Therefore, we calculated these summary statistics
and used boxplots to display the values. The accuracy metrics calculated were on the scale of
marks, but as different tests had different numbers of marks, we converted these so that they
can be presented as percentages of the Form Y maximum mark.

Although the metrics tell us slightly different things about equating method accuracy, we focus
interpretation on results from MAE, as that is perhaps the simplest and most interpretable (i.e.,
how far away from the true equating relationship, on average, is that method?). Results relating
to RMSE and bias will be addressed separately where they can add something new to our
interpretation.

Approach to interpretation

The final thing to describe before presenting results is how we have interpreted outputs of the
simulation. The first approach is, perhaps under :
which methods perform best under different conditions, and which methods can be avoided. We

therefore start by taking an overview of the results of all methods under the different scenarios,

to try and answer these big, fundamental questions: this is, ultimately, the main purpose of the

work.

The amount of data produced by the simulation also permits a much closer look at specific

issues though. When trying carry out equating in practice, it may be necessary to choose

between particular variants or methods, and even if there is broad, or high-level, guidance on

which methods perform best, there might still be choices to make. Hence, using the vast

amount of dat a, we can address some of these spe:q
we therefore address a series of specific questions about the methods, that seek to provide

guidance around some of these smaller-scale issues.

16



Results: Outcomes of simulation

Effects of conditions on equating accuracy

The first result to examine is the impact of the different conditions on equating accuracy, as this

provides the background against which all method comparisons are made. To examine these

effects, we first focus on the results of the frequency estimation equipercentile method, with no
smoothing, as this is arguably the most similar method to that used for criterion equating, and it
also displays all the patterns to be discussed.

FE Equi (Unsmoothed)
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Figure 1. Weighted MAE (expressed as percentage of Form Y marks) for Frequency Estimation
Equipercentile (unsmoothed) equating, under all simulation scenarios.
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The three conditions (sample size, anchor length and group differences) provide predictable
and consistent influences on equating accuracy. Moreover, the effects are in the direction we
would expect a priori. Taking sample size first, we see that larger sample sizes are associated
with smaller errors. In the N=50 panel (top-left), and looking at the maximum group difference
boxes (the left box of each cluster), we see median weighted MAE values ranging from 8.1% to
6.8% of form Y marks. Conversely, in the N=2000 panel (bottom-left), the equivalent medians
are smaller, ranging from 6.5% to 3.3%. The intermediate sample sizes of 100, 500, and 1,000
produce intermediate error values.

Looking next at group differences, we see that the largest errors are associated with the
maximum group difference, and the smallest errors are associated with random groups. The
differences are large in magnitude: looking at the N=50 (top-left panel) and 18% overlap
condition (left-most cluster), the maximum group difference has a median weighted MAE of
8.1%, the medium group difference has a median of 4.6%, and the random grouping has a
median of 3.5%. When N=2000 (bottom-left panel), the contrast is even greater, with the
maximum group difference showing a median of 6.5%, and the random grouping showing a
median of just 0.5%. Hence, the more similar the ability of the two populations of candidates,
the smaller the error.

Finally, we see a smaller, but still clear, effect of anchor length, with longer anchors associated
with smaller errors. With N=50 and maximum group difference, we see a median error of 8.1%
for the 18% overlap condition, and 6.8% for the 40% overlap condition. The anchor length effect
seems greater as sample sizes increase: with N=2000 and maximum group difference, we see
a median error of 6.5% in the 18% overlap condition, but just 3.3% in the 40% overlap condition.
The anchor length effect is much smaller in the random group conditions, such that in the
N=2000 panel, it is almost imperceptible: the difference in median between the 18% and 40%
overlap conditions is just 0.09 percentage points. In practice, this indicates that the need to
have a long anchor test to facilitate equating is less important if the groups are more similar in
ability.

While the simulation conditions produce similar effects in all equating methods, the magnitude

of the effects varies between methods. To illustrate this, Figure 2 shows the same results for a

different equating method (in this case, the method using a Partial Credit Model fitted via JML,

with concurrent estimation). In contrast to Figure 1, the differences between conditions are

small, often at O1 percentage point. Il n practice,
longer anchors and smaller group differences should always lead to smaller equating errors, the

extent to which this matters will vary between methods, with some highly sensitive to conditions,

but others relatively robust: this is a theme that will be developed further in results discussed

bel ow. That is not, however, to say t bieeta a Ar obu:
met hod that is highly sensitive to conditions mi (
some cases, and worse in others.
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PCM (JML Concurrent True)
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Figure 2. Weighted MAE (expressed as percentage of Form Y marks) for Partial Credit Model (JML

concurrent True) equating, under all simulation scenarios.
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Which equating methods are best?

Having established the effects of different simulation conditions, we can address the main focus
of the analysis, which is to identify which equating methods perform best under the different
conditions. Given that there are 60 scenarios, this potentially leads to 60 different answers,
making interpretation challenging. However, as a first attempt at simplifying this problem, we
can identify the method that produces the lowest error (here, the smallest mean weighted MAE)

20

under each scenario: Table4s hows t hese Awinningd met hods. Equi
use of RMSE are almost identical; these are shown in Appendix 3.
Table 4. The best-performing equating methods (i.e., those with the smallest mean weighted MAE) under
each simulation scenario.
Group Form Sample size
difference overlap 50 100 500 1000 2000
18% Odds-transform PCM GPCM GPCM GPCM
0 (Nominal) (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML SL Obs)
2506 PCM PCM GPCM GPCM GPCM
Maxi (JML Conc True) (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML Conc Obs)
aximum
33% PCM PCM GPCM GPCM GPCM
0 (JML Conc True) (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML SL Obs)
40% Symm circle-arc PCM GRM GPCM GPCM
(Levine) (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML Conc Obs)
18% Odds-transform  Odds-transform GPCM GPCM GPCM
(Chained SD) (Chained SD) (MML Conc Obs) (MML Conc Obs) (MML Conc Obs)
2504 Odds-transform PCM GPCM GPCM GPCM
Medi 0 (Chained SD)  (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML Conc Obs)
edium
33% Odds-transform PCM GRM GRM GPCM
(Chained SD)  (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML Conc Obs)
40% Odds-transform PCM GRM GRM GPCM
0 (Chained SD)  (JML Conc True) (MML Conc Obs) (MML Conc Obs) (MML Conc Obs)
} i FE Equi FE Equi FE Equi
18% O?_Iqjctkrgpgfg;m O?_I(_ijctkrgpzfggm (Kernel (Kernel (Kernel
smoothed) smoothed) smoothed)
} i FE Equi FE Equi FE Equi
25% O((dethkr:PZfB;m O((jgjctkrgrn;fggm (Kernel (Kernel (Kernel
smoothed) smoothed) smoothed)
Random FE Equi FE Equi FE Equi
} qui qui qui
33% O?_Iqjctkrgpgfg;m LL?:rSI'?'LTEgr) (Kernel (Kernel (Kernel
smoothed) smoothed) smoothed)
20% Odds-transform Transformed GRM TE;:‘;I IEIEeEr?euII
(Tucker SD) Linear (Tucker) (MML Conc Obs) smoothed) smoothed)
From this, some clear patterns emerge. First, only 10 methods are represented here, of the 69
trialled. This shows remarkable consistency in which methods performed best, with the majority
of methods tested neverai wi nni ngo: this t heme.Furthernpregustoe up f ul
met hod (GPCM, MML Concurrent Observed) is the fAwi
closely related method (GRM, MML Concurrent Obsel
met hods together Awonénariom over a third of the sc



Second, we see differing results across different sample sizes. Variants of odds-transform
equating and PCM-based methods (specifically, using JML and concurrent estimation)
dominate at N=50 and N=100, whilst GRM or GPCM-based methods (again using concurrent
estimation) and frequency estimation equipercentile (with kernel smoothing) dominate once
sample sizes are 500 or greater. There is also an effect of group differences. Frequency
estimation equipercentile equating comes to dominate in random groups at large sample sizes,
but GRM and GPCM-based methods dominate at the same sample sizes with medium or
maximum group differences. Likewise, when N=100, odds-transform and transformed linear
equating Awinod with -basaddethodsglominatgisthe othar grou® C M
conditions. Hence, both sample size and group difference strongly influence which equating
method performs best.

Third, there is Ilittle apparent effect of anchor
some places where it may make a difference. Notably, when N=500 or N=1000, longer anchor

lengths seem show better performance for GRM-based methods instead of GPCM-based

methods (or, in one case, frequency estimation equipercentile equating). However, in no other

scenarios do we see clear effects of anchor length.

Despite these met ho d snotbead totle cdndusienthat all othdr methodso e s

should be disregarded. To explore this, Table 5 gives the mean (plus standard deviation) and

median (plus 1% and 3" quartiles) of weighted MAE scores for the top 3 methods under each

scenario (focusing just on 25% form overlap, given the limited effect of anchor length). From

this, we see that the patterns derived from | ooking
smaller samples, odds-transform or PCM (JML) methods generally dominate the top three.

Likewise, for larger samples, GRM/GPCM methods are generally best, unless the groups are of

equal ability, in which case variants of Frequency Estimation Equipercentile dominate.

There are, however, other findings of note, that show we should consider more than just the

fibesto met hods. First, the differences in means |
extremely small, usually at 0.1 percentage points. This is particularly noticeable in larger

sample sizes, where GRM and GPCM are almost interchangeable. Similarly, GPCM/GRM

models fitted to both tests concurrently dominate, but separate model fitting and use of the

Stocking-Lord method performs similarly. As another example, in the random group scenarios

where Frequency Estimation Equipercentile equating dominates, kernel smoothing comes out

best, but other smoothing methods have means only a fraction of a percentage point away from

the Abestodo result. Heneercethbemwganttude Dbedt & f me
second, or third (or, indeed, fourth or fifth in some cases) may be very small.

Second, Table 5 shows that the method of evaluation could change our interpretation of which

method is best. If the median error were used to rank performance, most results would remain

the same, but some would change. For example, when N=100 and with a medium group

difference, the odds-transform (chained) method and PCM (MML, observed scores) would

Afovert ake @MU ihneedidh Caldes were used. Note, though, that the differences

between these methods only really occur at the third decimal place, showing how similar they

ar e. Hence, this emphasises that not al | met hods
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Table 5. The top three methods for each scenario under the 25% form overlap condition.

Sample Group Rank

) ) Method Mean SD Median Q1 Q3
size diff .

1 PCM (JML Concurrent True) 286 1.79 242 158 3.71

Max 2 Symmetric circle-arc (Nominal) 292 1.82 253 159 3.90

3 Odds-transform (Levine) 292 182 251 164 3.66

1 Odds-transform (Chained SD) 255 1.38 233 152 331

50 Med 2 Symmetric circle-arc (Levine) 262 158 229 146 342

3 Odds-transform (Levine) 262 1.58 229 147 343

1 Odds-transform (Tucker SD) 208 1.15 187 125 270

Rand 2 Odds-transform (Chained SD) 218 121 193 129 282

3 Symmetric circle-arc (Tucker) 220 1.22 198 131 2.83

1 PCM (JML Concurrent True) 247 152 212 141 3.20

Max 2 Symmetric circle-arc (Levine) 251 1.59 214 139 3.27

3 Odds-transform (Levine) 251 1.59 214 139 3.28

1 PCM (JML Concurrent True) 207 1.13 185 1.28 2.63

100 Med 2 Odds-transform (Chained SD) 208 1.18 1.84 120 2.69

3 PCM (MML Concurrent Obs) 212 1.28 1.84 123 274

1 Odds-transform (Tucker SD) 1.65 0.89 1.47 0.98 2.13

Rand 2 Transformed Linear (Tucker) 1.66 0.85 152 1.04 215

3 Odds-transform (Chained SD) 1.71 0.91 156 1.03 221

1 GPCM (MML Concurrent Obs) 1.73 1.39 137 092 211

Max 2 GPCM (MML SL Obs) 1.78 1.34 144 0.93 219

3  GRM (MML SL Obs) 1.81 1.38 149 095 222

1 GPCM (MML Concurrent Obs) 1.18 0.75 1.02 0.70 1.49

500 Med 2 GRM (MML Concurrent Obs) 121 1.24 1.01 0.71 147

3 GPCM (MML SL Obs) 1.24  0.77 1.07 0.70 157

1 FE Equi (Kernel smoothed) 0.87 0.37 0.80 0.61 1.07

Rand 2 Chained Equi (Kernel smoothed) 0.98 0.40 091 0.69 1.19

3 FE Equi (Loglin smoothed) 099 0.36 092 0.75 1.18

1 GPCM (MML Concurrent Obs) 151 124 1.18 0.77 1.85

Max 2 GPCM (MML SL Obs) 153 1.17 125 081 1.83

3 GRM (MML SL Obs) 158 1.19 128 0.84 1.92

1 GPCM (MML Concurrent Obs) 092 0.59 0.79 053 1.12

1000 Med 2 GPCM (MML SL Obs) 0.95 0.59 0.82 056 1.20

3 GRM (MML SL Obs) 0.96 0.62 0.82 056 1.21

1 FE Equi (Kernel smoothed) 0.64 0.26 0.59 046 0.77

Rand 2 FE Equi (Loglin smoothed) 0.70 0.25 0.66 0.52 0.83

3 FE Equi (Bump smoothed) 0.71 0.25 0.67 0.54 0.83

1 GPCM (MML Concurrent Obs) 140 121 1.12 0.72 161

Max 2 GPCM (MML SL Obs) 141 1.14 1.10 0.74 1.67

3 GRM (MML SL Obs) 145 1.16 1.14 076 1.71

1 GPCM (MML Concurrent Obs) 0.81 0.53 0.70 048 1.01

2000 Med 2 GRM (MML Concurrent Obs) 0.84 0.83 0.71 048 1.01

3 GPCM (MML SL Obs) 0.85 0.55 0.73 049 1.04

1 FE Equi (Kernel smoothed) 0.44 0.18 042 0.32 0.53

Rand 2 FE Equi (Loglin smoothed) 0.47 0.18 0.44 0.34 0.56

3 FE Equi (Bump smoothed) 0.47 0.18 0.45 0.35 0.56
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From these first analyses, we can already draw some conclusions. At smaller sample sizes,
odds-transform equating and PCM-based methods (using JML) generally perform best. If
groups are truly random and sample sizes are small, transformed linear equating also performs
well. At larger sample sizes, equating methods based on fitting the GRM or GPCM to data
(ideally fitting the model to both tests concurrently) work best, unless the groups are truly
random, in which case Frequency Estimation Equipercentile equating works well.

Given the dominance of methods based on Rasch or IRT across many conditions in Table 5, we

also identified the best-performing equating methods based only on classical techniques, as

there may be circumstances where Rasch or | RT cal
methods are shown in Table 6.

From Table 6, we see strong, and sometimes somewhat surprising, patterns of which methods

perform best. First, in the maximum group difference condition, symmetric circle-arc equating

using the Levine approach t o virasllydveneconditiomp Thisisoup me
arguably surprising, as circle-arc methods are considered to be useful for small sample sizes,

but here the method even comes out best at the largest sample sizes tested when there is a

large group difference. It is important to note, however, that although symmetric circle-ar ¢ A wi ns 0
in each of these conditions, odds-transform equating with the Levine approach to estimating

group means gives almost identical results in each case. This can be seen in Table 5, in the

maximum group difference conditions for N=50 and N=100. In these cases, symmetric circle-arc

and odds transform methods produce mean weighted MAE values that are the same to two

decimal places. Furthermore, when N=50, the median weighted MAE for odds-transform

equating is actually smaller than that for symmetric circle-arc. Hence, although Table 6 shows

symmetric circle-arc to perform well, odds-transform equating performs almost identically. This

comparison is explored further below.

From Table 6, we can also see how for N=50 and N=100, with medium group differences or

random groups, odds-transform variants dominate. With medium group differences, the chained

vari ant Afwinso in al/l conditions, whilmpdt f or r an
conditions (with transformed |inear equating fAwi.l
differences between odds-transform and symmetric circle-arc are still small, but typically occur

in the first decimal place.

Finally, Table 6 also shows how frequency estimation equipercentile methods dominate in large

sample sizes for medium group differences and random groups. For N=500, N=1000 and
N=2000, the modified Wang-Br e nnan unsmoot hed variant Awinso al
mediumgr oup di fferences, whilst the kernel smoot hec
random groups. Hence, if GPCM/GRM methods are unable to be used with large sample sizes

and small-to-medium group ability differences, frequency estimation equipercentile methods

appear to be the best alternative.

23



Table 6. The best-performing classical equating methods under each simulation scenario (i.e., those with
the smallest mean weighted MAE once Rasch/IRT methods are excluded).

difference overlap 50 100 500 1000 2000
18% Odds-transform  Odds-transform Symmetric circle- Symmetric circle- Symmetric circle-
(Nominal) (Levine) arc (Levine) arc (Levine) arc (Levine)
2504 Symmetric circle- Symmetric circle- Symmetric circle- Symmetric circle- Symmetric circle-
0 arc (Nominal) arc (Levine) arc (Levine) arc (Levine) arc (Levine)
Maximum 33 Symmetric circle- Symmetric circle- Symmetric circle- Symmetric circle- Symmetric circle-
0 arc (Levine) arc (Levine) arc (Levine) arc (Levine) arc (Levine)
I S o L FE Equi
Symmetric circle- Symmetric circle- Symmetric circle- Symmetric circle- L
40% . . . . (Modified WB
arc (Levine) arc (Levine) arc (Levine) arc (Levine)
Unsmoothed)
i i . . FE Equi FE Equi
18% O(dc‘:]z itrzzgsgggn O(dc‘f;tr:ee‘gs;"[;;“ L'”e?rré'é‘)*"'”e (Modified WB  (Modified WB
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Thus far, we have focused on the fibesto

methods worked acceptably, and which did not work well at all. To introduce this, we present a
series of figures showing results from all methods trialled in the simulation. To reduce the
number of scenarios considered, we again focus on the 25% overlap condition, and on the
medium group difference condition. These represent a set of scenarios that could make
equating somewhat challenging, but which might also be encountered in practice. Figure 3
shows results for N=50 and Figure 7 shows results for N=2000: figures between correspond to
intermediate sample sizes. Equivalent figures for random groups and maximum group
differences are shown in Appendix 3.
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N = 50, medium group difference, 25% form overlap
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Figure 3. Box plots of weighted MAE values (expressed as % of Form Y marks) for all equating methods
tested, for a sample size of 50, 25% form overlap and a medium difference between groups. Note that

outliers with values >30% are not shown.
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N = 100, medium group difference, 25% form overlap
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Figure 4. Box plots of weighted MAE values (expressed as % of Form Y marks) for all equating methods
tested, for a sample size of 100, 25% form overlap and a medium difference between groups. Note that

outliers with values >30% are not shown.
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N = 500, medium group difference, 25% form overlap
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Figure 5. Box plots of weighted MAE values (expressed as % of Form Y marks) for all equating methods
tested, for a sample size of 500, 25% form overlap and a medium difference between groups. Note that
outliers with values >30% are not shown.
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N = 1000, medium group difference, 25% form overlap
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Figure 6. Box plots of weighted MAE values (expressed as % of Form Y marks) for all equating methods
tested, for a sample size of 1,000, 25% form overlap and a medium difference between groups. Note that
outliers with values >30% are not shown.
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N = 2000, medium group difference, 25% form overlap

Chained Equi (Bump smoothed) 4
Chained Equi (Kernel smoothed) 4
Chained Equi (Loglin smoothed) 4
Chained Equi (Unsmoothed) A
Circle-arc (Braun-Holland) A
Circle-arc (Chained) o

Circle-arc (Levine) -

Circle-arc (Nominal) 4

Circle-arc (Tucker) 4

FE Equi (Bump smoothed) A

FE Equi (Kernel smoothed)

FE Equi (Loglin smoothed) -

FE Equi (Modified kernel hybrid) 4
FE Equi (Modified WB Unsmoothed) 4
FE Equi (Unsmoothed) 4

GPCM (MML Concurrent Observed) 4
GPCM (MML Concurrent True) o
GPCM (MML Haebara Observed) -
GPCM (MML Haebara True) A
GPCM (MML SL Observed) A
GPCM (MML SL True) 4

GRM (MML Concurrent Observed) o
GRM (MML Concurrent True)
GRM (MML Haebara Observed) 4
GRM (MML Haebara True) 4

GRM (MML SL Observed) 4

GRM (MML SL True) A

GRM/3PL (MML Haebara Observed)
GRM/3PL (MML Haebara True) A
GRM/3PL (MML SL Observed) A
GRM/3PL (MML SL True) 4

Identity -

Linear (Braun-Holland) -

Linear (Chained) 1

Linear (Levine Obs) A

Linear (Levine True) o

Linear (PSE) A

Linear (Tucker) A

Mean (Braun-Holland) 4

Mean (Chained) A

Mean (Levine) o

Mean (Nominal)

Mean (Tucker) -

Odds-transform (Chained SD) A
Odds-transform (Chained) -
Odds-transform (Levine SD) 1
Odds-transform (Levine) -
QOdds-transform (Nominal) 4
Odds-transform (Tucker SD) 4
Odds-transform (Tucker) 4

PCM (CML Concurrent True) -
PCM (CML Haebara True) 4

PCM (CML SL True) 4

PCM (JML Concurrent True) -
PCM (JML Haebara True) 4

PCM (JML SL True) -

PCM (MML Concurrent Observed) -
PCM (MML Concurrent True) 4
PCM (MML Haebara Observed) -
PCM (MML Haebara True) o

PCM (MML SL Observed) 4

PCM (MML SL True) A

Symmetric circle-arc (Braun-Holland) -
Symmetric circle-arc (Chained) A
Symmetric circle-arc (Levine) 4
Symmetric circle-arc (Nominal) 4
Symmetric circle-arc (Tucker) -
Transformed Linear (Chained) 4

Transformed Linear (Tucker) 4

15

20

Weighted MAE (% form Y marks)

25 30

Figure 7. Box plots of weighted MAE values (expressed as % of Form Y marks) for all equating methods
tested, for a sample size of 2,000, 25% form overlap and a medium difference between groups. Note that
outliers with values >30% are not shown.
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From these figures, the first thing to note is that many methods show somewhat similar results.

Although a few methods do show clearly poorer performance (which will be discussed below),

most seem broadly comparable. This is reassuring: if equating has been carried out using

met hods other than the fibesto ones, the results
similar performance might mask patterns where particular methods are consistently

outperformed by alternatives: this will also be discussed below.

Some methods show consistently reasonablep er f or mance. That i s, they m
under certain conditions, if at all, but under most conditions they are acceptable. This is most

evident for PCM (most variants, but particularly those based on JML estimation), odds-

transform equating (particularly the Levine variant) and symmetric circle-arc equating (again,

particularly the Levine variant). As discussed above, these methods perform best at small

sample sizes, but they also perform adequately at larger sample sizes; this is particularly

evident under the maximum group difference condition (see Appendix 3), when other methods

(e.g. Frequency Estimation Equipercentile) perform substantially worse, but PCM, odds-

transform (Levine) and symmetric circle-arc (Levine) perform consistently adequately.

As noted above, most methods show decreasing error with increasing sample size. However,
one method notably does not show that pattern: identity equating shows the same error
regardless of conditions. Hence, at N=50, it might appear to be broadly comparable to other
methods, but by N=500 it is performing worse than other methods, and by N=2000 it is
substantially worse?®. Chained circle-arc equating and mean equating methods show a similar
pattern, albeit those methods do show some improvement as sample sizes increase.
Nevertheless, these methods might, at the smallest sample sizes, appear reasonable, but there
would always be better options, especially as sample sizes increase. Care should be taken,
then, to consider performance under different conditions: some methods only appear
reasonable under specific conditions. An examination of methods that are always outperformed
by other methods is described below.

Another pattern to note is the presence of outliers, most notably for IRT-based methods.
Although GRM and GPCM performed well at large sample sizes, they produced some very poor
results at sample sizes of 50 and 100, suggesting caution would have to be applied if using
them with such small samples. We must remember, of course, that the majority of cases
produced a degree of accuracy in keeping with other methods. However, it shows a lack of
reliability at these sample sizes, which is probably due to numerical issues such as lack of
algorithmic convergence in model fitting. At sample sizes of 500 or over, outliers produced by
these methods were similar to those produced by any other method, while their medians and
inter-quartile ranges became smaller than other methods, showing better performance.
However, if choosing methods to apply in real settings, and consistency of outcomes is
important, occurrence of outliers like this might need to be taken into account.

The charts and tables in this section have focussed upon weighted mean absolute error (MAE).
We have not included extensive discussion on other metrics, in particular bias. Therefore, to
briefly illustrate what results indicated about bias, in Figure 8 we show a single plot, for N=2000
and maximum group difference, with 25% form overlap.

16 Naturally, if we had specific external reasons to expect test forms to be of similar difficulty (perhaps
from small scale pretesting or expert judgement) then identity equating might perform better.
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N = 2000, max group difference, 25% form overlap
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Figure 8. Box plots of weighted bias values (expressed as % of Form Y marks) for all equating methods

tested, for a sample size of 2,000, 25% form overlap and a large difference between groups. Note that
outliers with values >25% (or < -25%) are not shown.



As in previous research studies (for example, Sinharay & Holland, 2007), Figure 8 shows that
many classical methods display significant bias when there are large ability differences between
groups. The methods may not fully adjust for the differences between groups (i.e., candidates
taking Form Y had higher ability) meaning that the difficulty of Form Y was underestimated (i.e.,
scores on Form X were equated to scores on Form Y that were too high). This issue is
particularly evident for all forms of chained equating, all forms of circle-arc, linear (including
transformed linear) or mean equating other than the Levine or nominal variants, and all forms of
frequency estimation equipercentile equating other than the modified Wang-Brennan and
modified kernel hybrid variants. The biases of chained equipercentile methods were noticeably
smaller than that of equivalent frequency estimation (apart from modified Wang-Brennan and
modified kernel hybrid variants) but still significant. Similarly, chained linear equating was less
biased than linear equating using the Tucker method. Hence, in these classical methods,
approaches that are explicitly designed to account for measurement error in the anchor do
appear to display lower levels of bias in these situations. We note also that methods based
upon IRT or Rasch PCM models displayed much lower level of bias. Overall, these results help
to explain why equating based upon frequency estimation or the Tucker method only tended to
Awino in scenarios with random differences bet we:¢

Which equating methods can we dispose of?

Having explored which methods are most effective, we now attempt to better identify those
methods that are best avoided. Specifically, we look for instances where one method is always
out performed by another specific method across e\
of the 60 combinations of conditions (5 sample sizes by 4 anchor lengths by 3 levels of group
differences) that we have considered. We calculate the mean of the weighted mean absolute
error (as a percentage of the test maximum) of each method in each scenario. If one method
has a higher mean weighted MAE than another in a given scenario we might say it is
outperformed in this scenario. If one method is outperformed by another specific method across
every one of the 60 scenarios, we say that the one method is dominated by the other. If a
method is dominated, this implies that we would be better using a different method all the time
regardless of the scenario we are in. Conversely, for any two methods that are never dominated
by each other, there is always at least one scenario where one method is preferable to the
other.

Table 7 shows the 47 methods that are dominated by another method. For example, looking at
the first row, unsmoothed frequency estimation equipercentile equating is dominated by
frequency estimation equipercentile equating with loglinear smoothing. This implies that for
every scenario considered in this study, the technique based on loglinear smoothing
outperforms the unsmoothed method. As such, we can infer that, for sample sizes of 2,000 or
below, we are always better off if we apply some form of smoothing in equipercentile equating,
even if the resulting difference is not large (as shown above).
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Table 7. Summary of methods dominated by other methods (i.e., methods outperformed by other
methods in every simulated scenario).

Dominated method gj methqu Dominated By
ominating
. . Chained Equi (Bump smoothed), Chained Equi (Loglin

Chained Equi (Unsmoothed) 3 smoothed), Chained Equi (Kernel smoothed)

Chained Equi (Bump smoothed) 1 Chained Equi (Kernel smoothed)

Chained Equi (Loglin smoothed) 1 Chained Equi (Kernel smoothed)

Circle-arc (Chained) 12 12 methods

Circle-arc (Nominal) 2 Odds-transform (Nominal), Symmetric circle-arc (Nominal)

Circle-arc (Tucker) 3 Odds-trarjsfqrm (Tucker), Odds-transform (Tucker SD),
Symmetric circle-arc (Tucker)

Circle-arc (Levine) 2 Odds-transform (Levine), Symmetric circle-arc (Levine)

Circle-arc (Braun-Holland) 5 Odds-transform (Tucker SD), Symmetric circle-arc (Braun-
Holland)

FE Equi (Unsmoothed) 2 FE Equi (Loglin smoothed), FE Equi (Kernel smoothed)

FE Equi (Bump smoothed) 1 FE Equi (Kernel smoothed)

FE Equi (Loglin smoothed) 1 FE Equi (Kernel smoothed)
GPCM (MML SL Observed), GPCM (MML Concurrent
True), GPCM (MML Concurrent Observed), GRM/3PL

GPCM (MML SL True) 6 (MML SL Observed), GRM (MML SL Observed), GRM
(MML Concurrent Observed)

GPCM (MML Haebara True) 11 11 methods
GPCM (MML SL Observed), GPCM (MML Concurrent

GPCM (MML Haebara Observed) 3 Observed), GRM (MML SL Observed)

GPCM (MML Concurrent True) > GPCM (MML Concurrent Observed), GRM (MML
Concurrent Observed)

GRM/3PL (MML SL True) 9 9 methods

GRM/3PL (MML SL Observed) 1 GPCM (MML Concurrent Observed)

GRM/3PL (MML Haebara True) 12 12 methods
GPCM (MML SL Observed), GPCM (MML Concurrent
Observed), GRM/3PL (MML SL Observed), GRM (MML

GRM/3PL (MML Haebara Observed) 6 SL Observed), GRM (MML Haebara Observed), GRM
(MML Concurrent Observed)
GPCM (MML SL Observed), GPCM (MML Concurrent
True), GPCM (MML Concurrent Observed), GRM/3PL

GRM (MML SL True) 6 (MML SL Observed), GRM (MML SL Observed), GRM
(MML Concurrent Observed)

GRM (MML Haebara True) 11 11 methods

GRM (MML Haebara Observed) 5 GPCM (MML Concurrent Observed), GRM (MML SL
Observed)
GPCM (MML SL Observed), GPCM (MML Concurrent

GRM (MML Concurrent True) 4 Observed), GRM (MML SL Observed), GRM (MML
Concurrent Observed)

Identity 38 38 methods

Linear (Levine Observed) 5 GPCM (MML Concurrent Observed), GRM (MML
Concurrent Observed)

Linear (Levine True) PCM (MML Concurrent Observed)

Linear (Chained) Transformed Linear (Chained)

Linear (PSE) Transformed Linear (Chained)

Mean (Chained) 14 14 methods

Mean (Nominal) 10 10 methods
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Dominated method (’j\l mgthc_)ds Dominated By
ominating

Circle-arc (Tucker), Odds-transform (Chained SD), Odds-
Mean (Tucker) 5 transform (Tucker), Odds-transform (Tucker SD),
Symmetric circle-arc (Tucker)
Circle-arc (Levine), Odds-transform (Levine), PCM (JML
Concurrent True), PCM (MML Concurrent True), PCM
(MML Concurrent Observed), PCM (CML Concurrent
True), Symmetric circle-arc (Levine)

Mean (Levine) 7

Mean (Braun-Holland) 9 9 methods
Odds-transform (Chained) 2 Odds-transform (Levine), Symmetric circle-arc (Levine)
Odds-transform (Levine SD) > PCM (IML Concurrent True), PCM (MML Concurrent
Observed)
PCM (JML SL True), PCM (JML Concurrent True), PCM
PCM (MML SL True) 4 (MML Concurrent True), PCM (CML Concurrent True)
PCM (JML SL True) 1 PCM (JML Concurrent True)
PCM (JML Haebara True) 2 PCM (JML SL True), PCM (JML Concurrent True)
PCM (MML SL Observed) 1 PCM (MML Concurrent Observed)
PCM (MML Haebara True) 9 9 methods
PCM (JML Concurrent True), PCM (MML SL Observed),
PCM (MML Haebara Observed) 3 PCM (MML Concurrent Observed)
PCM (MML Concurrent True) 1 PCM (JML Concurrent True)
PCM (JML SL True), PCM (JML Concurrent True), PCM
PCM (CML SL True) 4 (MML Concurrent True), PCM (CML Concurrent True)
PCM (CML Haebara True) 9 9 methods
PCM (CML Concurrent True) 1 PCM (JML Concurrent True)
Symmetric circle-arc (Chained) 9 9 methods
Symmetric circle-arc (Braun-Holland) 1 Odds-transform (Tucker SD)

To summarise the findings in Table 7:

1 Unsmoothed equipercentile equating is dominated by smoothed methods. Kernel
smoothing dominates every other smoothing approach.

1 Both Stocking-Lord (SL) and Haebara approaches to Rasch PCM equating are
dominated by approaches based on concurrent analysis. Furthermore, the JML
approach to analysis dominates the CML approach. Having said this, we note that
different R packages were used for different approaches so the results may reflect
differences in technicalities (e.g., convergence criteria) rather than superior performance
of a method per se.

9 For other IRT methods, Haebara approaches are dominated by both the Stocking-Lord
(SL) method and by concurrent analysis. Observed score approaches dominate true
score approaches. Models including the 3PL are dominated by those that avoid this.

1 Mean equating is always dominated by an alternative based on circle-arc equating.

9 Circle-arc equating (i.e., non-symmetric circle-arc equating) is always dominated by
equivalent approaches based upon symmetric circle-arc equating or odds-transform
equating.

1 Many approaches (even including mean equating) dominate identity equating, meaning
this approach should never be adopted for the sample sizes explored in this study.

If we exclude the approaches that are dominated by another method (Table 7), this leaves a
much smaller subset of methods for us to consider working with. From a set of 69 methods that
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we started with (see Table 1), we are left with just 22 that are worth considering for use in
practice: these are listed in Table 8. This means that for every method listed in Table 8, if it is
compared to any other single method, there is at least one scenario out of the 60 considered
where it is superior. Having said this, further analysis later in this report will reveal that even
some of these 22 methods are also not worth retaining. This might be because its superiority
over another listed method in Table 1 is so rare and so small it is not worth considering.

Table 8. Methods not dominated by any others in the main simulation run.

IRT'or Type .N Variants

classical variants

Classical  FE Equi 3 Modified WB Unsmoothed, Modified kernel hybrid,
Kernel smoothed

Classical  Chained Equi 1 Kernel smoothed

Classical Linear 2 Braun-Holland, Tucker

IRT PCM 2 MML Concurrent Observed, JML Concurrent True

IRT GRM 2 MML SL Observed, MML Concurrent Observed

IRT GPCM 2 MML SL Observed, MML Concurrent Observed

Classical  Symmetric circle-arc 3 Nominal, Levine, Tucker

Classical Odds-transform 5 Chained SD, Levine, Tucker, Tucker SD, Nominal

Classical  Transformed Linear 2 Chained, Tucker

Sensitivity to non -experimentally controlled factors

The above results are based upon averaging error across all 1,000 datasets within each
scenario. However, it is also possible to rerun analysis on subsets of data that happened to
display particular characteristics. For example, we might want to focus upon instances where
the random separation of items happened to result in two test forms with very different levels of
difficulty. A small sensitivity analysis was undertaken to explore these issues.

Firstly, we explored how results changed if we restricted to instances where the test forms being
equated had substantially different difficulty. This was judged by the extent to which the criterion
equating was different from identity equating. Results of showed that this restriction had hardly
any impact upon results. This implies that the results we have described above are not reliant
upon the test forms having similar levels of difficulty.

We also explored how the pattern of results changed dependent upon the overall maximum
score of each form and also the related matter of the reliability of the anchor test. The analysis
showed that this factor did have some impact upon results. In particular, in small samples (100
or less), IRT methods based upon MML estimation tended to have lower error if the overall
maximum score of each test form was higher. However, given that we would not generally
recommend such methods for use in small samples in any case, this has no impact upon the
major conclusions of our analysis.
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Finally, we explored whether our results change if, rather than focussing on the weighted
absolute error across the whole score range, we focussed on accuracy at particular points (as
might be important in grade boundaries or pass marks, for example). Specifically, we looked at
absolute equating error at form X scores representing 20 and 80 per cent of the maximum
available. This made some noticeable differences to results, particularly at the 20 per cent point.
This is likely to be because, for most of the tests included in the study, this would represent an
unusually low level of performance, so there is little available data at this end of the score
range. The impact of this is that, for small samples, methods such as equipercentile equating
perform worse. Separately, due to their inability to capture non-linear relationships at the
extremes of the score range, methods such as mean equating and linear equating also perform
worse.

Overall, the sensitivity analysis does not alter the main conclusions of our analysis or our
recommendations about the most appropriate equating techniques. However, reviewing this
analysis does reiterate the importance, in practice, of checking the stability of equating by
calculating standard errors of equating at the score points at which they will be used.

Analysis later in this section will explore the impact of IRT model fit on results.

Secondary questions about IRT equating

As noted above,-pnowutlkedédt gukestodbing have been
more specific issues that can, and do, arise when choosing equating methods. In particular,
above, we found that PCM (fitted by JML) and GPCM or GRM-based methods outperformed all
others in most conditions. Therefore, this section explores questions relating to different ways of
implementing IRT equating. All of these are looked at in a pairwise manner to address whether
to do one thing or the other when faced with two approaches that, on the face of things, are very
similar and equally valid.

It is important to emphasize that, for the most part, the differences found between different (but
very similar) techniques were tiny. As such, the results here cannot be used to dismiss the less
successful approaches as inadequate. Nonetheless, analysts often have to make decisions
about whether to choose one approach over another and justify the choices they have made.
Therefore, even though the differences in performance are tiny, the results are often consistent
enough to provide a clear answer as to which method is generally preferable.
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GPCM vs GRM

We begin with a comparison where no visible difference in either direction was identified i the
comparison between using the GRM or the GPCM to capture the fact that different items may
have different levels of discrimination. We focus on the results for observed score equating as,
for these methods, observed score equating was found to be more accurate (see later section).
For the time being we also focus upon results from the Stocking-Lord approach (a comparison
to other approaches will be provided later).

Figure 9 shows the distribution of differences in the weighted mean absolute error (MAE) of
equating across the 1,000 analyses conducted in each of 60 separate scenarios. The 60
scenarios are distinguished by the extent of overlap between test forms (4 conditions in the
columns of the panel), the size of differences between candidate groups (3 conditions in the
panel rows), and sample size (5 conditions). Each point denotes the mean difference in
weighted MAE between the GRM and GPCM approach and the error bars denote the range
between the 90" and 10" percentiles of differences. Points below zero indicate that the GPCM
approach was superior whereas points above zero indicate that the GRM was superior.

As can be seen, the equating error of the approaches was always very close. For sample sizes
of 500 or more, the weighted MAEs of the two methods were within 0.5 per cent of each other at
least 80 per cent of the time (i.e., the error bars are within the range -0.5 to +0.5). Furthermore,
there is no visible tendency for either technique to outperform the other. As such, there is no
empirical reason to prefer the use of one over the other.
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Figure 9. The distribution of differences in weighted MAE between GPCM and GRM approaches to
observed score equating across a range of scenarios.
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Rasch vs more complex IRT and True vs Observed score equating

Next, we compare the performance of using a Rasch model (specifically, a PCM) to that using a
more complex approach based on the GRM. We also compare the observed score and true
score approaches to equating. For consistency, we focus on models estimated using MMLY’.
We do not compare to the GPCM as the previous section has already established that this
performs extremely similarly to the GRM.

The boxplots in Figure 10 show the distribution of weighted MAE for each of four methods
(GRM or Rasch by True or Observed score equating) across 27 scenarios*®. For the GRM (red
boxes), in every scenario, an observed score approach (solid lines) tends to have lower error
than a true score approach (dashed lines). In contrast, for the PCM (blue boxes), there is very
little difference in performance between true and observed score equating.

If the extent of overlapping items between the two test forms is small (i.e., test form overlap of
18%) then, for sample sizes below 500, Rasch equating tends to have lower error than
observed score equating based on the GRM. However, where we have a greater degree of
overlap, the GRM approach can be just as accurate even at small sample sizes.
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Figure 10. The distribution of weighted across a range of scenarios for true and observed score equating
using either the GRM or Rasch PCM with MML estimation.

17 Differences between fitting approaches are discussed later, but by default, GRM (and GPCM) models
are fitted using MML, so we use PCM fitted via MML too, to avoid conflating separate issues.

18 Here we consider only sample sizes of 100, 500 and 1,000, with 2,000 excluded as it produces virtually
identical results to those seen in the 1,000 condition. We exclude the 40% overlap condition.
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This issue is explored further in Figure 11. The figure shows the distribution (across datasets) of
the difference in weighted MAE between the Rasch and GRM observed score approaches in

each of the 60 scenarios. This reinforces the same findings as described above in a slightly
different way. In particular, the figure shows the superior performance of Rasch equating at

sample sizes below 500 (as might be expected based upon Lord, 1983). However, if we have
greater overlap between test forms, the GRM approach can perform just as well as Rasch even

with only 100 observations. A major caveat on this latter finding is that it relates to the Rasch

model based on MML estimation only. The next subsection explores how results change once

JML or CML approaches to estimating the Rasch model are applied.
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Figure 11. The distribution of differences in weighted MAE between Rasch PCM and GRM approaches to

observed score equating across a range of scenarios.
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JML vs CML vs MML for Rasch equating

This section compares the performance of Rasch true score equating under different model
estimation approaches. True score equating is used, as observed score approaches are more
difficult with IML and CML estimation. This is because observed score equating requires an
estimate of the ability distribution i something the CML approach explicitly avoids and that is
tricky with JML as it requires a decision about how to handle measurement error in the ability
estimates of individuals. Besides, as shown in the previous subsection, for Rasch models (at
least those estimated using MML) there is little difference in performance between true and
observed score equating.

Figure 12 shows the distribution (across datasets) of differences in the error of equating from
Rasch equating using JML and MML across all 60 scenarios. Figure 13 shows the same
information, but comparing JML and CML. The fact that, in every scenario, the points in each
figure are below the dotted line indicates that JML led to lower error on average than either of
the other approaches. The sizes of these differences in performance are minuscule (also note
the reduced scale of the y-axes). Nonetheless, the results are consistent. From this, we can
conclude that at least when completed using the default model fitting settings in equating
functions in R, use of JML leads to more accurate equating on average (albeit by a tiny margin).

Given the very small differences in performance, it is important to be clear that the results here
could relate to minor technical differences (for example, convergence criteria) rather than any
fundamental differences between the methods. All IRT software has a number of control
parameters relating to the finer details of estimation and identifying the impact of these on
equating accuracy would be challenging. The results here relate to default estimation of the
Rasch model in R using the packages mirt, TAM and dexter for MML, JML and CML
respectively. As such, they represent the most straightforward ways in which each approach
could be implemented using free software at the time of writing. We add the important caveat
here, then, that it may be possible to further improve outcomes for MML or CML estimation by
changing parameters away from defaults. Given the relatively high complexity of this simulation
study, however, we consider searching for optimal parameters for each dataset and each
simulation scenario to fall outside the scope of the work. If the methods are used in practice,
however, this could be a valid and fruitful step.

Noting that JML consistently performs a little better than MML gives us reason to revisit the
findings in the previous subsection. In particular, if we have a sample size of 100 or less, a
Rasch true score approach will be superior to an observed score approach based upon the
GRM i even with a large degree of overlap with test forms. Thus, as expected, for smaller
sample sizes a Rasch PCM model is preferred to any more complex approach to IRT.
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Difference (JML-MML) in weighted MAE as % of maximum score

(mean with interval from 10th to 90th percentiles)
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Figure 12. The distribution of differences in weighted MAE between Rasch true score equating using
either JML or MML estimation across a range of scenarios.
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Figure 13. The distribution of differences in weighted MAE between Rasch true score equating using
either JML or CML estimation across a range of scenarios.
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2-parameter vs 3 -parameter model

We next explore the possibility of using a more complex IRT model still. Specifically, we
compare the performance of the GRM to a model where the 3PL model is used for dichotomous
items and the GRM is used for all others. We focus on the performance of observed score
equating because, as shown earlier, this is the most accurate approach for these more complex
models. We also focus upon results from the Stocking-Lord method for each method.

The distribution of differences in error between the 3PL and pure GRM approach is shown in
Figure 14 across each scenario. As can be seen, the differences are small. However, for the
sample sizes below 1,000 and scenarios where we have larger differences between groups,
equating based upon the 3PL model tends to have slightly larger errors (the points in the chart
are above zero). That is, equating based upon a pure GRM dominates the approach including
the 3PL and, in the absence of a competing justification, should always be preferred.

We note, however, that none of the assessments included in our analysis related to pure
multiple-choice tests. It is possible that the performance of the 3PL would be superior in such
instances. After all, such scenarios would reflect the intended application of the 3PL model, due
to the increased potential for guessing in multiple choice tests, in contrast to the types of items
present in the tests used in our simulation. Hence, if pure multiple-choice tests were to be
equated, it may still be worth considering this approach, but it should also be compared to the
use of the GRM (or, indeed, GPCM) alone.

Figure 14. The distribution of differences in weighted MAE between GRM/3-parameter and GRM (2-
parameter only) approaches to observed score equating across a range of scenarios.
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